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autoregressive  process. 
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(1.3)  was  given  by  Ranter  and  Steiger  (1974)  and  Hannan  and  Ranter  (1977).  They 
proved  that  for  any  6  >  a, 

n1/5(p(h)  -  p(h))  l  0 

with  a  similar  result  holding  for  the  least  squares  estimates  of  the  parameters 

In  the  AR(p)  model.  Yohal  and  Maronna  (1977)  also  considered  AR(p)  processes  and 
1/2  A 

showed  that  n  (p(h)  -  p(h))  Is  bounded  In  probability  provided  the  Zt's  are 

symmetrically  distributed  and  E  log+  1 2^_ [  <  «.  Of  course  if  the  Zt's  have  a  finite 
1/2  * 

variance  then  n  (p (h)  -  p(h))  Is  asymptotically  normal  under  mild  restrictions 

on  the  coefficients  {c^}  (cf.  Anderson,  1971,  p.  489). 

In  Section  2,  the  limit  distribution  of  the  sample  covariance  function  Is 

derived  for  the  case  2  £  a  <  4.  In  the  special  case,  2  <  a  <  4,  the  process  has 

a  finite  variance  but  an  infinite  fourth  moment.  It  turns  out  that,  as  in  the 

0  <  a  <  2  case,  the  limit  behavior  of  the  sample  covariance  function  is  determined 

n 

by  the  partial  sums  £  zl‘  We  also  consider  In  Section  2  the  situation  when  7? 

t-1  C 

belongs  to  the  normal  domain  of  attraction  with  an  infinite  variance. 

The  weak  limit  of  the  sample  correlation  function  in  the  infinite  variance 

case  (0  <  a  <  2)  is  considered  in  Section  4.  It  is  shown  that  there  exists  a 

slowly  varying  function  at  «,  ^(*),  such  that  n^°l!.(n)  (p  (h)  -  p(h))  converges  in 

distribution  to  the  ratio  of  two  independent  stable  random  variables  with  indices  a 

and  a/2  respectively.  Whereas  the  asymptotic  properties  of  the  sample  covariance 

n 

function  are  governed  by  the  partial  sums  £  Z*,  the  weak  limit  behavior  of  the 

t-1  n 

sample  correlation  function  is  determined  by  the  vector  of  partial  sums  (  £  Z ?, 
n  n  t-1 

£  Z  Z  .,  ...  I  Z  Z  .).  In  Section  3,  we  show  that  this  sequence  of 

t-1  C  t-1  t  C 

vector-valued  random  variables  converges  in  distribution  to  a  vector  of  independent 
non-normal  stable  random  variables.  This  result  is  proved  using  point  process 
techniques  and  ideas  from  extreme  value  theory. 


A  discussion  of  least  squares  estimates  for  AR(p)  processes  in  this  setting 


I 
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and  some  examples  are  presented  in  Section  5. 


2.  Sample  covariance  function 


The  aim  of  this  section  is  to  derive  the  weak  limit  of  the  sample  covariance 
function  for  the  process  {Xfc}  satisfying  (1.1)  with  2  £  a  <  4.  Assume 
•  00 

(2.1)  Xt  -  l  Cj  Ztj  with  l  |Cj!  <  - 

where  the  Z  satisfies  (1.2)  and  (1.3).  Put  a  «*  inf{x:  P(|zJ  >  x)  >  n  and 
t  n  l  — 

define  the  sample  covariance  function  by 

;o°  ' »  Ji x*  W h  1  °- 

The  following  proposition  is  the  key  step  in  evaluating  the  weak  limit  behavior 
of  v (h) . 

Proposition  2.1.  If  2  £  a  <  4  and  E  Z{  •  0,  then  for  every  positive  integer  h, 

(2.2)  rVoo  -  clM>  l  0. 


Proof .  We  have 


( J,  Xt  Xt+h  "  t  l  ci  ci+h  Zt-i* 


t-1  i— 


-  <2(t^  ^  ci  Vh  zt-izt-j> 

'  a»2  Ji  i  Hll^l  1  -  “n,<Zt-J  *t|l^r  5  .„3 

+  ‘”2  ■"  til  llj  C‘  C^<Z'-1  +  Z'-J  i  ‘j’ 

+  *"2  Jl  ill  1  ^+h  Zt-1  ^  >  *„  “  >  *»3 


—Z  o  V 

-  n  a  p*  ;  c.  c.  . 

n  »  ^  i  j+h 


-A  +  B  +  C  +  D 
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where  p  »  E  Z 
n 


1  1[|Z  |  <  a  V  We  s^ow  t^lat  A*  8*  c  -*•  0  and  D  ■*■  0. 


Define 


Zt,n  "  Zt  1[|2t|  <_  an3 


and  ve  have 


,  n  n 

-4  -  r 


Var(A)-  a  )  T  J  7  c.  c.,.  c,  c  E(Z^  .  .  Z  ,  Z  .  ). 

n  s-1  t-1  ljij  k H  1  3+h  k  l' +h  t“i,n  t~^,n  8_k,n  9_t,n 

Since  {Z^  —  <  t  <  •}  is  for  each  n  an  iid  sequence  of  zero  mean  random  variables , 

t,n, 

the  above  expectation  is  zero  unless  (t-i,  t-j)  «  (s-k,  s .  When  this  is  the  case, 
the  expectation  is  of  the  form 


E  Z\  Z\  -  E  Z2  E  Z2 
l,n  2,n  l,n  2,n 


<  (E  Z?  lr1,  ,  .  _  )2  -  o|* 


‘tfzj  <  ./  “°n 


where  a2  *  E  Z2  1 


1  [lZll  i  an] 


.  Hence 


-ar(A)  <  a*4  III  (|cj|c4..||c 

n  n  s-1  t-1  i?j  1  J+h  s_ 


t+i1 1  s-t+j+h1 


+  cJ  C_J  c 


l1  |cj+h' |cs-t+j'  'Vt+i+h1 


-°n  *n  X  (( \  'Ci  Ci+s-t!)2  +  (£  !ci  ci+h+s-t*)(^  ^Cj+h  cj+s-J 

-  °n  an  n  |^|<n((^  ^Ci  Ci+t^)2  +  I ci  ci+h+J)(£  I  cj+h  ct+jl)) 


<  2([  IcJ)1*  n  a;  o* 

For  2  <  a  <  4 ,  has  a  finite  limit  and  in  the  a  *  2  case  it  is  slowly 

va. ying  by  Karamata’s  Theorem  (Feller,  1971).  So  in  either  case  is  slowly 

varying.  Moreover,  a^  is  regularly  varying  with  index  1/a  which  together  with  the 
.  -4  u 

slow  variation  of  c4  implies  na  5^  +  0  as  n+  ».  Thus,  Var(A)  +  0  as  desired, 
n  n  n 
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As  for  the  term  B,  we  have 


<  2  na^2  Unl<I  Icjl)*  ElzJ  1^,  , 


<  2(1  |c1|)2e!zi|  n  a"  |uj 


Since  E  Zt  -  0  by  assumption,  IwJ  -  |B  lcf'2  |  >  jl  <  E^l  ^  ~  */n 

_2 

by  Karamata's  Theorem.  Hence  n  a^  J  |  +  0  as  n  +  «. 


ICI  i“*n2  <1  I'iD2'!2!  22l  1rjzil  >  anor  |z, 

i 2  ■  *;2<I  l‘=1l>22l22l  E|zi,1r|z1!  >  ani 


2I  *  *n] 


by  Karamata's  Theorem  as  for  B.  Finally,  D  ■  0(n  an  y2)  0  since  for  B  we  have 

2 

already  proved  n  an  |  u^J  -*  0  and  this  completes  the  proof.  Q 
For  a  >  2,  define 

Y (h)  -  Cov(Xt,  Xt+h) 

■  (jL  C3  ‘W  •  °2 

where  a2  ■  Var(Zt).  The  next  theorem  gives  the  main  result  of  this  section. 

Here  and  in  what  follows,  convergence  in  distribution  is  denoted  by 

Theorem  2.2.  Suppose  (Xt)  is  given  by  (2.1)  where  { Z satisfies  (1.2)  and  (1.3) 


with  2  £  a  <  A.  If  E  Z  ■  0,  then  for  any  positive  integer  £ 


(2.3)  (n  a”2 (y (h)  -  t»h  ) ,  0  <  h  <  £)  »  S  •  (J  c2,  £  Cj  cJ+1 . I  cj  c^) 

j  3  ^ 

00 

where  S  is  a  stable  random  variable  with  index  a/2  and  n  “  I  ci  ci+hEZl  |  z  |<a  ]’ 

’  i=-»  '  1  —  n J 

0  <_  h  £  l.  Moreover,  if  2  <  a  <  A,  then 

(2. A)  (n  a-2  (y(h)  -  y(h)),  0  <  h  <  l)  *  (S  --—)(y(0),  ...,  y(0)/ct2. 
n  — 


Proof .  By  Theorem  4.1  In  Davis  and  Resnick  (1984) 


an  Ji  tLCi  Ci+h  (Zt-i  '  °n>  *  C1  Ci+h  S  f°r  a11  h  i  ° 


where  o2  ■  E  Z?  1 


»  *1  C| 2,1  <«n] 


and  S  is  a  stable  random  variable  with  index  a/2. 


From  the  proof  of  this  same  theorem,  we  have  for  any  positive  Integer  i 

an  |  Ci(Zt-i  “  °n)*  J  ci  ci+lCZt-i  *  °n)  ’  ***»  |  Ci  ci+i(Zt-i 


*S  (j  j  Cj  Cj+1’  ***’  j  Cj  Cj+fl)* 

This  combined  with  Proposition  2.1  proves  (2.3). 

_2  _2 

If  a  >  2,  then  o2  -*■  a2  and  by  Karamata's  Theorem,  n  o2  a  -  n  a2  a  ■* 
n  1  n  n  n 

— 2  p  ct 

naR  EZi^[|z|>a]^  a-2^  80  t^iat  ^  conver8ence  of  types  result,  (2.4) 
holds.  Q 

A 

Corollary.  The  same  limit  law  is  attained  in  Theorem  2.2  if  y(h)  is  replaced  by 
a  mean  corrected  version 

"(h>  ■  \  T  «t  -  a  «t+h  -  a  **.  x .  i  ^  xt. 

The  proof  of  this  corollary  is  analogous  to  that  of  the  corollary  following 
Theorem  4.2  in  Davis  and  Resnick  (1984)  and  is  therefore  omitted.  Also  note  that 
the  corollary  remains  true  if  E  i1  0  by  considering  the  process  X  -  E  ■ 

jL  vv,  ■ E  z'-jk 

Corresponding  to  the  case  a  ■  4  we  have  the  following  result. 

Proposition  2.3.  Suppose  {Xt}  is  defined  by  (2.1)  with  E  Z£  ■  0  and 

E  zx  1C|z1|  <1]-^ 

is  slowly  varying  with  lim  L(t)  ■  <®.  Define  a  by 

t-«°  n 


so  that  an  is  regularly  varying  with  index  1/2.  If  a^  “  a^  then  in  R 

(2.5)  (n  a“2(y(h)  -  y(h)),  0  <  h  <  ft)  »  N  »  (y(0),  ....  y(h))/o2 
n  —  — 

where  N  is  a  N(0,  1)  random  variable. 

1/2 

Remarks.  (1)  Define  L^(x)  ■  L(x  )  so  that  is  also  slowly  varying  (de  Haan 

1970,  p.  21).  Then  a  must  satisfy  n  L,  (a  )/a2  -*■  1.  Set  U,  (x)  »  x2/L,(x)  so 

n  inn  i  l 

that  is  regularly  varying  with  index  2  and  oq  satisfies  ^  n  and  this 

shows  a^  may  be  taken  as  the  asymptotic  inverse  of  at  the  point  n(cf.  Seneta, 
1976,  p.  21). 

(2)  For  the  classical  result  assuming  E  Z4  <  “  see  Anderson,  1971,  p.  478. 
Proof.  Ve  begin  by  showing  the  analogue  of  Proposition  2.1.  The  difference 

an2(n  7(h)  -  j  I  <c±  <WZt-i) 

t-1  i— •» 

is  again  decomposed  into  the  pieces  A  +  B  +  C  +  D. 

We  have  Var(A)  ■  0(n  a  .  Since  L(t)  -*■  «  we  have  a  //n  ■+■  "  and  hence 

n  n 

-4  -2  . 

n  a  *  n  a  -*■  0 
n  n 

as  desired.  For  B  we  have 

E  |B  |  <  (const)  n  a"2  E  |zj  |  >  ^3. 

Since  L(t;  ■*  z4  P[|z, |  e  dz]  we  have 

e|zi'  Hlijl  >  z  Ptlzil  e  dz:i  ■  c'3  l(it> 

■  3  f"  L(s)s  ^  ds  -  L(a  )a  2 

'a  n  n 

n 

■  a  2  L(c  ){/?  3(L(a  s)/L(a  ))s  ^  de  -  1) 

n  n  '  1  n  n 
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80  Chat 


n  a”2  E  i  Z, 


it  1C|Z1!  >  an3  *  n  L(an)an5  {f~l  3a(ans)/L(an))s'4d8  -  1>. 


-4 


However,  since  n  L(«n)an  -*■  1,  the  above  term  is  asymptotic  to 


a  *{/?  3(L(a  s)/L(a  ))s  4  ds  -  1} 
n  #  i  n  n 


-4 


which  goes  to  zero  since  an  "*■  “  and  the  expression  within  the  braces  goes  to  zero  by 
Karamata's  Theorem.  The  term  K J C |  is  handled  in  the  same  way  and  D  is  of  smaller 
order  than  E | B [  so  the  analogue  of  Proposition  2.1  is  proved.  Q 

Before  continuing  with  the  proof  we  need  the  following  result. 

Proposition  2.4.  Suppose  {X^}  satisfies  (2.1)  with  E  Z^  ■  0  and  U(t)  »  E  Z|  l[[z  |  <  t] 

slowly  varying.  Define  by 
_2 

n  g  E  Z?  lr,„  ,  ,-*■!. 


“  ^  ^1  ■LC|z1(  ^  gn3 


Then 


C  i  \  * «  vs 

t=l  J 

where  N  is  N(0,  1). 

Proof .  A  proof  can  be  fashioned  after  the  method  used  in  Davis  and  Resnick  (1984) 

to  prove  Theorem  4.1.  We  have  Z^  in  the  domain  of  attraction  of  the  normal  so 
-1  n 

that  g  J  Z.  %■  N,  Furthermore  for  m  >  1 
°n  (f  i  — 


4  -  fg'1  I  Vj,  ^  ♦  <N.  N . N> 


2m+l 


in®  and  therefore  by  the  continuous  mapping  theorem 

(c  ,  ....  c  )  •  y  *  (  I  c  )N. 

-m  m  ^n  |j|<m  ^ 

It  remains  to  show 

,  n 

(2.6)  lim  limsup  P[ j gn  £  -  (c_m,  •••>  cm)  *  4*  >  *  0 


gt>0°  If»00 


t*l 
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for  any  <S  >  0  as  well  as 

00 

(2.7)  ( tE(  Cj)N  ♦  (  l  c^)N,  m  -*■  «. 


r 


|jli®  J  j* 

The  validity  of  (2.7)  is  obvious. 
We  have  that 

-1  n 


8”  t-l  Xt  "  <C-“ . Cm>  '  ’  S"  t-l  I j|>n  Cj  Zt-J 

‘  ^  ji  |j|»»  VZ'-J  i  '  Zl  i  *»]> 

+  cl  *1  *11^1  <^1 

+  ^  ‘t'W  * 


Now 


■  a  +  p  +  y 


lim  llm8up  P[Jaj  >  6]  -  0 
ir*» 


by  an  argument  identical  to  one  used  in  the  proof  of  Theorem  4.1  of  Davis  and 

-2  -  72 


1.)  For  the 


Resnick  (1984).  (We  use  the  fact  that  n  gQ  E  Z-^  ^  |  z  [  <  g  3 

other  two  terms  we  calculate 

,E  Z1  1E|z1|  <  gn)1  “ ,E  Z1  1t!z1|  >  gn]l 


i  b  \\\  ifizj  >g  ]  -  r  t  ptizLi  e  dt]  =  r  t 1  u(dt) 


f°  8~2  U(s)ds  -  g*1  U(g  ) 
*  n  n 


and  so  applying  Karamata's  Theorem  (recall  U  is  slowly  varying)  we  get 


-10- 


Thus 


lint 

ir*® 


n 


E  Z1  HlZjl 

“<*«> 


0. 


e|  1  g"1  n  E 

lsl«  ' 

n  U(gn) 

>E  Z1  1£|Z1| 

±v>' 

y  | 

8n2 

«*»> 

iji» 

-v  gn  |B  Zx 

l»  icj' 

/uv 

+  0  as  n  +  ". 


Likewise 

lira  limsup  P[|y|  >  6]  <  lim  limsup  6-1  g'1  n  jE  Z  l-i  1,1  l  |c  [ 
^  nr*®  ir*®  n  1  L|Zl'  V  |j|  >m  J 

«  0 

as  desired  for  the  verification  of  (2-6). 

Continuation  of  the  proof  of  Proposition  2.3:  From  Proposition  2.4  we  have 
(recall  a2  =  E  Z2  -  Var(Z1>) 


!  !  vA 

t®i  i®-® 


a2) 


(  I 

i*- 


ci+h)N 


and  hence  from  the  analogue  of  Proposition  2.1 
”  an2  “  Y(h))  ♦  (Ict  ci+h)N- 

The  assertion  of  Proposition  2.3  easily  follows. 

A 

Remark.  The  same  limit  law  holds  if  y(h)  is  replaced  by  the  mean  corrected  version. 

'o>>  I  «t  -  ®<Vh-» 
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3.  Sample  covariance  function  of  (Z^ } 

Assume  {Z^}  is  iid  and  satisfies  (1.2)  and  (1.3)  with  0  <  a  <  2.  As  before, 
define 


(3.1)  a  »  inf{x:  P(|z,j  >  x)  >  n 
n  1  — 

Applying  Theorem  A. 2  in  Davis  and  Resnick  (1984)  to  the  sequence  (i.e.,  take 
cj  *  0.  j  +  0  and  co  ■  1) ,  we  obtain 


-2 


»  l  \  zt«, 

t»*l 


0  for  all  h  >  0 


and 


r2  l  »  S 

n  t-1 

where  S  is  a  positive  stable  random  variable  with  index  a/2.  In  this  section, 

n 

we  give  a  different  normalization  for  the  partial  sums  £  Z^  Z  .  ,  h  >  0  in 

t“l 

order  to  get  a  non-degenerate  weak  limit.  Not  surprisingly,  these  partial  sums 
(i.e.  sample  covariances)  at  different  lags  turn  out  to  be  asymptotically  in¬ 
dependent.  This  will  be  the  main  building  block  for  deriving  the  limit  distribution 
of  the  sample  correlation  function  of  the  Xt  process  in  the  next  section. 


Throughout  this  section  we  shall  assume  E  |Z^ja  ■  °>.  It  then  follows  from 
Theorem  3.3  (iv)  in  Cline  (1983),  that  the  product  Z^  Z^  belongs  to  the  a-domain 
of  attraction.  That  is  Z^  Z^  satisfies 


(3.2) 

and 

0.3) 


P(|z0  z1i  >  «)  _a 
P(|Z0  Zjl  >  t)  "  x 


as  t  -*•  «® ,  x  >  0 


P(ZQ  zx  >  t) 


+  d-r)r 


as  t  +  ® 


where  p  Is  given  in  (l.h. 
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Dtiflhc 


(3. A)  aR  ■  lnf(x:  P(|Zq  zj  >  x)  ^  n 


We  first  show  that 


(3.5)  a  /a  •*  ■». 
n  n 


Observe  that  for  a  fixed  positive  number  M, 

P(|z0  Zj  >  t)  P(|Z0|  >  t/|Z1|,  1 Zx!  <  M) 
p(!zol  >  tT  1  P(|Z0I  >  o 

MP(|z|>t/y) 

•  P(T^1  >  er  p<!zi'  c  dy> 

We  then  have  by  Patou's  Lemma  and  (1.2) 

P(|ZQ  Zx|  >  t)  M 


llminf 

t-HO 


THV1—  «!*,!.  e-> 


and  upon  letting  M  -*■  <*>,  the  lower  bound  converges  to  E|z^|a 
to  check,  that  (3.5)  must  hold. 


It  now  is  easy 


The  joint  asymptotic  behavior  of  the  partial  sums  (  £  Z2 ,  £  Z Z  ,,  , 

n  t-1  t  t-1 

£  Zfc  Zt+h)  is  handled  using  point  process  techniques.  For  background  on 

point  processes,  see  Kallenberg  (1976).  Set  ^  *  (Zt>  Z ^  Zt+^,  ....  Zfc  Zt+h) 


0,  ±1,  ±2,  ...  and  define  ^  -  (a"1  Zt,  a"1  Zt  Zt+1, 


for  t 

The  relevant  sequence  of  point  processes  for  this  problem  is  given  by 


K1  zt  w 


n 


rn  ^  “  -1 

t-1  a  y „ 
n  'vt 


h+1, 


\{(0,  0,  0)}  where  is  the 


which  .is  defined  on  the  state  space  E  =  1R 
measure  assigning  unit  mass  to  the  point  x  and  zero  elsewhere.  In  defining  a 
point  process  on  E,  we  shall  use  the  convention  that  if  a  point  falls  outside 
the  state  space  it  does  not  contribute  to  the  sum.  E  will  denote  the  usual 
product  o-algebra  on  E  modified  so  that  the  compact  subsets  of  E  are  those 
compact  sets  in  ]R^+^  which  are  bounded  away  from  (0,  0,  ...,  0). 
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It  will  be  shown  that  the  sequence  { 1^}  converges  in  distribution  to  a 


Poisson  process  defined  as  follows:  Let  J  c  .  ,  £  c  ,  ...»  T  e 


k-1  .1 '  k-1  k-1  j. 


be  h  iid  Poisson  process  on  KMO}  with  intensify  measure  given  by  X(dx) 


-v,  _ -a-l 


.  s.  /  ^ -o-l 


°P  x  1^Q  wj(x)dx  +  aq  (-x)  1^  q,  (-)dx  where  p  =  p'  +  (l-p)‘  and 

00 

q  -  1  -  p.  Further  let  l  e  ^  also  be  a  Poisson  process  on  1R\{0}  independent 

k“1  jk 

of  the  h  Poisson  processes  above  with  intensity  \ (dx)  =  apx  a  1  1,A  .  (x)dx  + 

iU,  ») 

aq(-x)  l(_co  Q^(x)dx.  The  limit  point  process  is  then 
°»  h 

1  =  l  I  e  (i) 

k«-l  i-0  Jk  *ei 

where  e  ]R h+^  is  the  basis  element  with  itk  component  equal  to  one  and  the 

rest  zero.  In  other  words,  the  points  of  I  are  located  on  the  coordinate  axes, 

the  points  k  *  1,  2,  ...}  lying  on  the  axis  determined  by 

In  order  to  establish  I  ♦  I  it  is  convenient  to  first  specify  a  class  of 

n 

sets  (as  in  Section  2  of  Davis  and  Resnick,  1984)  which  generate  E.  Let  S  be 

the  collection  of  all  sets  B  of  the  form 

B  «  (b  ,  c  ]  x  (b  ,  c.  3  x  ...  x  (b  ,  c  ] 
o  o  11  n  n 

which  are  bounded  away  from  (0,  0,  ....  0)  and  b^  <  c^,  b^  ^  0,  c_^  s*  0  for 
i  *  0,  1,  ....  h.  It  is  clear  that  S  is  a  DC-serairing  (cf.  Kallenberg,  1976, 


p.  3).  Moreover,  since  B  e  S  is  bounded  away  from  zero,  either 
(Cl)  B  ye  31}  «  #  for  i  -  0,  — ,  h 

or 

(C2)  B  D(yei:  y  e  3$  *  (b  ,  c  ]  i  -  j 

4>  i  *  j  • 

That  is,  B  has  either  e-.pty  intersection  with  all  of  the  coordinate  axes  or 
intersects  exactly  one  in  an  interval.  Note  that  in  (C2) ,  <  0  <  c^  for  i  1*  j 
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and  0  i  (bj ,  c j  ] .  Further  properties  of  these  sets  are  developed  In  the 
following  proposition. 

Proposition  3.1. 

(i)  nP (<^~1  ^  e  B)  ■»  0  if  B  t  S  satisfies  Cl. 

(ii)  nPC.g"1  ^  e  B)  -*>  (Hho,  cq3  if  B  e  S  satisfies  C2  with  j  -  0 

jx(bj,  Cj]  if  B  e  S  satisfies  C2  with  j  t  0. 

(iii)  nP^'1  e  Br  £  e  B2)  -v  0  if  ^  and  B2  e  S  and  1  <  t  £  1  +  h. 


n2?^1  ^  e  B^,  e  B2)  <_  C  for  all  n  and  t  >  1  +  h  where 


C  is  a  constant  depending  only  on  the  sets  B^  and  B^  in  S. 
Proof .  (i)  Setting  x  -  |bQj  A  |co|  >  0  and  y  ■  |b^|  A  |c^|  >  0,  i 


we  have 


E  B)  lnP^Zl!  >  V**  1Z1  Z2>  >  V*} 

^nPClzJ  >anK) 


+  nP(jZ],|  >  anx*,  |ZX  Z2|  >  aRy*,  |ZjJ  1  a^M) 


From  (1.2)  and  (3.1)  we  have  nPdzJ  >a^M)  -*■  m"“  as  n  -*•  »  which  can  be 
made  arbitrarily  small  by  choosing  M  large.  The  second  term  is  bounded  by 


^  * 
a_  * 


«P(|Zll  .  ,  |Z2I  >  jii-)  <  nPdZjl  >  anx  )K|Zj|  >  f  jj-> 


*  — 

(x  )  *0*0 


since  a  /a  -*■  •  by  (3.5). 
n  n  J 


(ii)  Suppose  j  ■  0.  Then,  with  x  ■  jb  |  A  jc  |,  y  «■  rain  (|b  |  A  |c  |)  >  0 

0  0  l<i<h  1  1 


and  using  an  elementary  bound,  we  have 


l"P^1  *1  ‘  B>  -  “p<»n  "o  ‘  Z1  i  V." 


£nhP(jZ1l  >  aflx*,  j  Z2|  >  any*) 
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which  goes  to  zero  as  n  -*■  00  by  the  proof  in  (i) .  Moreover,  it  follows  from  (1.2) 


and  (1.3)  that  nP(a  b  <  Z,  <  a  c  )  A(b  .  c  l.  The  argument  for  the  case  j  t  0 
n  o  1  —  n  o  o  ° 


is  handled  in  the  same  manner  and  is  omitted. 


(ill)  If  either  B^  or  B2  satisfies  Cl,  then  we  are  done  by  (i) .  So  suppose 


Bx  and  B2  satisfy  C2  with  Bj  n  ^  -  (bj15,  Cj(1)]  *  $,  B2  n  %  ,  =  0y\  ej^]  +  *. 


Then  if  j  +  0  and  j'  +  0, 

-1  ..  -  -1 


(3.6) 


nP< 


'<C  h  '  V  C  \  c  V  i  Zl+jl  *  V-  W  >  V’ 

where  X  “  A  J c 5 !  end  y  ■  |bj?^j  A  Now  if  t  f  1  +  J  end 

t  +  j '  4  1  +  j ,  then  by  independence 

-v  *  ,  _  I  v  *. 


nP(|Zl  Z1+j|  >  a_x  ,  |Zt  Z^,!  >  «ny  ) 

-  "p<izi  W  *  v*)p(izt  W  *  v*> 


On  the  other  hand  if  t-l+j  or  t  +  j*  «  1  +  j ,  then  we  have  the  bound 

^  *  |  _  __  l  'V  * 


”p<lzi  zzl  *  V  ■  lzz  Z3I  ’  V  > 

<  nP(|Z2|  >  aflM) 


+  nP(|Z;L  Z2|  >  anx*.  |Z2  Z3|  >  any*,  |Z2|  <  anM) 

.it  n 


<  nP(|z2|  >  anM)  +  nP(|Zl  Z2|  >  ax  )P(|Z3|  >  ~  y  ) 


n 


— ot 

-*•  M  as  n  +  “ 


where  we  have  used  (3.5)  in  the  second  term.  Since  M  is  arbitrary  the  left  side 
of  (3.6)  must  have  a  zero  limit.  The  other  cases  j  ■  0  or  j '  »  0  are  done  in  a 
similar  way. 

(iv)  This  follows  easily  from  (i)  and  (ii)  since  for  t  >  1  +  h  the  vectors 
and  are  independent.  Q 

Proposition  3.2  Let  be  iid  satisfying  (1.2),  (1.3)  with  0  <  o  <  2  and 

n  'Xz 

suppose  E  J  [  -  ®.  If  a^,  are  given  by  (3.1),  (3.4)  we  have 


I  ♦  I 
n 


.J 


J 


■  • 

— -  —  -4 

> 
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t 

1= 


In  the  sense  of  convergence  of  point  processes  on  the  space  E  (cf.  Kallenberg, 
1976). 

Proof.  Since  the  point  process  I  is  simple,  it  suffices  to  show  by  Theorem  4.7 
in  Kallenberg  (1976)  that 

(3.7)  E  I  (B)  +  K  1(B)  <  »  for  all  B  e  S 

n 

and 

(3.8)  P(I  (R)  -  0)  -*■  P(I(R)  -  0)  for  all  sets  R  which  are  a  finite  union  of 

n 

disjoint  sets  in  S. 

Clearly  (3.7)  is  automatic  from  (i)  and  (ii)  of  Proposition  3.1  because  I 

m 

has  all  of  its  points  on  the  coordinate  axes.  Now  suppose  R  -  B  is  a  union 

.1-1  J 

of  disjoint  sets  in  S.  For  a  fixed  positive  integer  k,  define  Ij-n^^(R)  “ 

[n/k] 

I  e  (R)  where  [x]  is  the  greatest  integer  <  x.  Using  a  Bonferroni-type 

t“1  £  It 

inequality,  stationarity  and  the  disjointness  of  the  sets  B^ ,  we  have 

-1 


m  m  [n/k] 


*1  '  V  '  J,  J2  tn/'°’X  * 1  E  >1*  *n  *,  c  V 

i  P«*,,„0<B>  >  °>  i  lml  C“'k]p<^1  h  *  BJ>- 


It  follows  from  above  that 

-1 


*  ,(*)■»  k_1E  I (R) 


lml  r»/HpCe;  h  c  Bj)  -  E 

as  n  -*•  «.  Applying  Proposition  3.1  (iii)  and  (iv) ,  we  also  have 
[n/k]  _  j  _ ] 

limsup  I  Ln/k)P(a  J  ^  f-  B  ,  ^  J!  «  B  )  -  o(l/k)  as  k  - 
n-»®  t-2 

for  i,  j  ■  1,  ...  m  so  that 
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(3.9) 


1  -  k"1  E  I(R)<  liminf  P(I*  (R)  =  0) 
n-*«  *-n' 


__  limsup  p(I*n/k-i(R)  =  0)  <  1  -  k_1  E  I(R)  +  o(l/k) 

n-^ 

Since  Che  vector-valued  process  Y  is  h-dependent,  a  standard  argument  (cf.  Lead- 

“  t 

better,  Lindgren,  and  Rootzdn,  1983,  chapters  3  and  5)  gives 

(3.10)  PVfI*  ,,  (R)  *=  0)  -  P(I  (R)  -  0)  >  0  as  n  *■  - 

l.n/kj  n 

for  every  positive  integer  k.  Taking  the  k*"*1  power  of  (3.9)  and  using  (3.10), 


we  obtain 

(1  -  k-1E  I(R))k  <  lirainf  P(I  (R)  =  0)  <  limsup  P(1  (R)  -  0) 

-  n^co  n  “  *>-  n 

<.(1  -  k-1  E  1(5)  +  o(l/k))k. 

— E  T(R) 

Now  letting  k  -»  °°,  we  have  P(In(R)  “  0)  -*•  e  .  But  I  is  a  Poisson  process 

so  that  e  E  »  P(1(R)  *  0)  which  verifies  (3.8)  as  desired.  H 

Theorem  3.3.  Let  {Z^}  be  iid  satisfying  (1.2)  and  (1.3)  with  0  <  a  < 2  and  E j  ] 
% 

Then,  if  a  and  a  are  given  by  (3.1)  and  (3. A), 
n  n 

i,  zl •  K  Vzt  h.i  -  »„> . C  j.  (zt  z,+h  - 

t=i  t-i  t=i 


^  ^  o’  S  1*  * ' "  ’  S 

where  u  =  E  Z  Z  lr(_  _  .  ,  and  S  ,  S,,  ....  S,  are  independent  stable 

n  12LZ,  ZI<aJ  o  1  h 

1  2  —  n 

random  variables;  Sq  is  positive  with  index  a/2  and  S^,  S£»  •  ••*  S ^  are  identically 
distributed  with  index  a. 

Proof.  Adapting  the  argument  used  in  Section  2  of  Resnick  (1984)  and  in  Section  4 
of  Davis  and  Resnick  (1984)  (see  also  Resnick  and  Greenwood,  1978)  it  is  easy  to 
show,  for  any  0  <  6  <  1, 

<<2  Z1  hlzc’  >  ,„«]•  “nl  tlx  <Zt  Zt«  1[Ut  Z„.l  >  anH  - 
E  Z]  Z}  lfV  ‘  tZi  Z2‘  -  \])‘  1  1  1  <  h> 
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*  (S®,  s®.  ....  S®) 


where  S®  -  J  (j£0))2  1 
°  k-1  * 


and  S,  -  ^  ju  )  1 
(0),  _  „  1  Jk  r,  (i) 


UjJH  >  «3 


k-1 


UJ^,|  >  M 


|S  €  (6,  1] 


s  X(ds)  for  i  -  1,  2,  ....  h.  Clearly,  S® ,  ,  . ...  S®  are  Independent 

o  1  n 


since  the  points  {j^  ^ . ..,  are  independent.  The  Ito  representation 

implies  ^  as  6  -*•  0,  i  -  0,  1,  ...»  h  (cf.  Resnick,  1984)  where  the  vector 
(S^,  Sj ,  ...,  Sh)  is  as  described  in  the  statement  of  the  theorem.  In  view  of 
Billingsley  (1968),  Theorem  4.2,  the  proof  is  complete  once  we  show 

(3'U)  lin8UP  EUn2  E,  zt  1c|  z  |  <  a  S])  •  °* 

6-*-0  ir*®  t-1  1  t1  —  n 

and 

,  n 

(3.12)  lim  limsup  Var(a  £  Z  Z  ,  lrj  !  <  a  fil*  *  °*  1  *  h‘ 

6-*0  n  til  C  t+1  L‘Zt  Zt+i‘  -  nJ 


The  expectation  in  (3.11)  is  equal  to  — 

a2 

n 


E  Z2  lri_  i  which  has  the  desired 

1  CIZjJ  1  an5] 


limit  by  Karamata's  Theorem  (Feller,  1971,  p.  283).  Since  the  process 
(Zt  Zt+i,  t  -  0,  ±1,  ±2,  ...}  is  i-dependent,  (3.12)  holds  by  the  comment  on  the 
top  of  p.  266,  Davis  (1983).  Q 
Remarks . 


1)  If  the  distribution  of  Z is  symmetric  then  so  is  the  distribution  of 

z-  In  which  case  p  -  0. 

t  t+1  n 

2)  For  0  <  o  <  1,  the  theorem  remains  valid  without  centering  the  terms 


zt  zt+i  by  V 
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> 


In  the  case  1  <  a <  2 ,  E  Z^  ■  (E  Z^)2  exists  and  from  Karamata's  Theorem, 


n  a  Z(E(Z,  Z_)-  y  )  =  n  a  Z  E(Z.  Z„  1 
n  i  2  n  n  12 


ln  E(Z1  Z2  1[|Z1  Z  |  >  an3K  const  *  Thus*  ^  the 


convergence  of  types  result.  Theorem  3.3  is  also  valid  if  y^  Is  replaced  by 
y2  -  (E  Z^2. 


4.  Sample  correlation  function  of  {X^} 

As  before  let  {Z^  be  lid  satisfying  (1.2)  and  (1.3)  with  0  <  a  <  2, 
E  |Zt|a  =»  ■»,  and  define 


(4.1) 


[t  ■  l  cj  zt-j 
j«-»  J 


where 


(4.2) 


I  I ci 1 6  1 3  I  <  "  with  (  6  “  1 
j— 


if  u  >  1 


|  0  <  6  <  a  if  #  <_  1. 

We  shall  first  concentrate  on  the  unadjusted  sample  correlation  function  defined 


(4.3) 


C(0)' 


h  >  0 


where 


(4.4) 


c‘">  •  l.  xt  W 

t^l 


The  sum  in  (4.4)  is  terminated  at  n  rather  than  n  -  h  for  notational  simplicity 
in  the  following  arguments.  All  of  the  results  in  this  section,  however,  remain 
valid  if  the  upper  limit  is  n  -  h.  Put  p (h)  »  £  c^  Cj+^/£  c^  ,  which  ln  the  case 

that  Var(Z  )  <  <»,  is  equal  to  Corr(X  .  X. ..  ).  In  Davis  and  Resnick,  1984,  Theorem  4.2 
t  t  t+n 

it  was  shown  under  condition  (1.4)  that  p (h)  £  p (h) .  Here,  we  consider  the  limit 
distribution  of  o(h),  suitably  normalized.  We  begin  with  the  following  proposition 
which  is  similar  to  Lemma  8.4.3  in  Anderson  (1971). 


» 


Proposition  4.1.  Assume  (4.1),  (4.2)  and  E|z^|a  •  *®.  Then  for  every  positive 
integer  h, 

n 

P 


<4-5>  anL  a*  (p0»)  “  p0>)  -  [C(0)]_i  l  l  ct(Cj+h  -  cjp(h))Zt_1  Z^)  £  0 

t“l  i,j  J 

i*J 


,-l 


where  a^  and  a^  are  given  by  (3.1)  and  (3.4),  respectively. 


Proof .  We  have 


-1 


p(h)  -  p(h)  -  C(C(0)]  x  (C(h)  -  p(h)C(0)) 


-  :c(o) :  (I  I  Cj  zt.i  zt+h.j  -  p  o>)  1 1  ct  c i  zt.1  zt_J  > 


-  c«o>rl  ji  I  I  0(h))2t.1  Zt.j 

so  that  the  difference  in  (4.5)  is  equal  to 


%-l 


\  *a  [C(0,:l"  l  (C1  '!«.  -  ci0(h»2Jt-l 

•  Kl  *0  CC(0):|'1  \  C(ci  C*H,  -  'I001*  J,  zt-l> 


•  K1  *«  CC<0)1'1  l  <ci  Zt  +  »„.!> 


n-i 


where 


un  i  -  I  Zt  "  I  Zt 

’  t-l-i  t-1  c 


is  the  sum  of  at  most  2i  random  variables.  Since 


-2 


a^  C(0)  converges  in  distribution  (Theorem  4.2  in  Davis  and  Resnick,  1984)  and 


£  (ci  ci+^  ”  c|p(h))  ■  0  it  suffices  to  show 


5/2 


(4.6)  limsup  e|£  (c±  ci+h  -  c*p(h))Un  ^ 

5  defined  in  (4.2).  Because  5  <  a,  Ej  Z^|  <  »,  so  that  by  the  triangle  inequality 


and  assumption  (4.2),  we  have 


E||  <ci  ci+h  -  Cl° (h))Un,i 

<  I  <|c±  CjJ572  ♦  |ei|S|p(h)|*/2)E!Oii>1l‘/2 

i  5  <l«i  ‘I+hl5/2  *  l<=1l*!,><h)|S/2)<2|l|E!zi|6) 

and  by  the  Schwartz  Inequality  this  is  bounded  by 


<  2Elz  reel  |c  |4|i|Al  kj'lil)’*  !»<h)l4'2(Z!c,!!i|)] 

i  i  1  i  1 


by  assumption  4.2.  Thus  (4.6)  follows  since  the  bound  does  not  depend  on  n.  Q 
Proposition  4.2.  Assume  (4.1),  (4.2)  and  E|Z.Ja  ■  «>.  Then 

(4.6)  a'2  (0(0)  -  ji  jU  Zj.,)  -  «;2  ^  ^  e±  Cj  Z^  Z^  2  0. 

Proof.  The  proof  of  Proposition  2.1  can  be  adapted  to  this  case  but  a  simpler 
argument  is  given  here  instead.  Choose  0  <  6  <  a  satisfying  (4.2)  with  o  <  26. 
The  triangle  inequality  gives 


E| a;2  l  l  c±  c  Z  Z  |6 
t-1  i.j  1  3  z  1  c  3 

i  a’26n  l  | c±  c^l6E}zi  Z2 | 6 

W 

-  n  ^  !  ci 1 6 >  <EI  zil 6 >  • 

26 

Now  since  a^  is  regularly  varying  with  index  1/a,  a^  is  regularly  varying  with 
index  26  /a  >  1,  and  hence  n  a”  ->-0.  Q 

Rearranging  the  terms  in  the  sum  (4.5),  we  have 
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Ci<Cj+h  "  cjp(h))Zt-i  Zt-j  “  \  ci(ci-j+h  '  ci-jp(h))Zt-i  Zt-i+j 


(4.7) 


I  I  I  ^  Zt-i+i 

jjtO  t-1  i  1,3  C  1  C  1  3 


where 


*i,J  *  ci(ci-j+h  "  ci-jp(h)>’  1  "  °*  41’  ±2 . j  "  ±1»  ±2’  **• 


Proposition  4.3.  Assume  (4.1),  (4.2)  and  E[z^|a  -  ■».  As  n  +  ®  we  have 


(i) 


j/i  *i.j  zt-i  zt-1+j + 1  *M  zt-i  w 


-  \  (*i,s  +  X  zt  W  - 0 

for  each  j  >  0  and 


(ii) 


<  i  i  =i  zu  - 1  i  *t> 

t-i  i  i  t-i 


n 


■2  \  P 


and  therefore  a  (C(0)  -  7  Y  Z*)  ^  0. 

n  i  1  t-1  C 


Proof,  (i)  Interchanging  the  order  of  summation  and  regrouping  terms,  the 
difference  in  (i)  becomes 
n-i 


n-i-j 


where  V 


?  l  SLi z<  - 1 z<  +  1  wj,.*.,  **  ’  X 2 

-  a  x  )  ip.  .V  .  +  a  x  )  * ,  ,  W  . 
n  J  '•'ij  n,i  n  £  ’♦'i.-j  n,i 

n-i  n  n-i-j  n 

i  “  I  \  Zt+1  -  I  Zt  Zt+i  Wn  i  "  l  \  Zt+j  ~  l  \  Zt+r 

’  t-l-i  z  v  3  t-l  c  c  3  n>1  t-l-i-j  1  3  t-i  3 


n 


However  with  5  as  chosen  in  (4.2) 


<  CO 


limsup  E|J  Jp  V  !6  <_  limsup  £  |*  \S  e[v  [6 
n  j  11,1  n  i  0,1 

<2  I  !<,1,j!6li!K!z1la!z2lA 

r*  P  3,  r  P 

whence  a  )  V  ^.0.  The  same  argument  also  gives  a  )  ip  .  W  0 

n  ^  I ,  n  i  i 


which  proves  (i) . 

(ii)  The  above  argument  also  works  in  this  case  but  with  6  replaced  by 
6/2.  The  last  statement  follows  from  Proposition  4.2.  Q 


Theorem  4.4.  Suppose  X 


=  T  c,  Z 

t  ,L  j  t- 

j*-" 


where  (c.)  satisfies  (4.2)  and  ( 7.  } 


satisfies  (1.2),  (1.3)  and  E[z^[  =  »,  0  <  a  <  2.  If  and  a^  are  given  by 

(3.1)  and  (3.4),  then  for  any  positive  integer  2, , 

(4.8)  (a'1  a?_  (p  (h)  -  p  (h)  -  d  /C(0)),  1  <  h  <«.)=>  (Y.  ,  Y, ,  . . . ,  Y.  ) 

n  n  h,n  —  —  l  Z  K 

00 

in  where  d^n  *  I  (p(h+j)  +  p(h-j)  -  2p(j)p(h))£  c\  E  Z 1  Z2  1^  ^  <  £  y 


CO 

Yh  =  y  (p  (h+j )  +  p(h-j)  -  2p(j)p(h))Sj  /So  and  Sq,  S2,  ...  are  independent 

stable  random  variables  as  described  in  Theorem  3.3  (i.e.  Sq  is  positive  with 
index  a/2  and  S^,  S2 ,  ...  are  identically  distributed  with  index  a).  In  addition 
if  either 


(i)  0  <  a  <  1  or 

(ii)  a  =»  1  and  the  distribution  of  Z^  Is  symmetric  or 

(iii)  1  <  a  <  2  and  E  =  0 

then  (A. 8)  holds  with  d,  a  0,  h  -  1,  ...,  I  and  a  location  change  in  the  S.'s, 

h,n  ) 


j  >  1. 

Observe  that  since  both  a  and  a  are  regularly  varying  with  index  1/a,  the 

n  n 

normalization  az /a  is  auo  regularly  varying  with  index  l/a.  That  is. 
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a^/a  ••  n1^*  Ti(n)  for  some  slowly  varying  function  "t. 


Proof .  From  Proposition  4.3,  Theorem  3.3,  and  the  continuous  mapping  theorem, 
we  have  for  any  fixed  positive  integer  m, 

<*•’>  <*;2 «».  k1  l(\  -  -.»> 

*  (l  <  V  X  ¥*1,5  +  ♦i.-j’V 

where  y^  «•  E  lj-|  z  z  |  <  The  dependence  of  ^  ^  on  h  is  temporarily 

suppressed.  The  plan  of  the  proof  is  to  first  show  that  (4.9)  remains  valid  with 
m  replaced  by  00  and  then  make  use  of  Propositions  4.1  -  4.3  to  derive  the  weak 
limit  of  a”1  a*(p(h)  -  p(h)  -  dh  n/C(0)). 

To  establish  the  limit  in  (4.9)  with  m  replaced  by  «  it  suffices  to  show 
(cf.  Billingsley,  1968,  Theorem  4.2)  that 

(4.10)  11m  limsup  PCa"1!  T  I  I*.  Azt_4  Zr-i+<  “  Ol  *  Y>  *  0 

m*»  |j!>m  t-1  i  1,3  C  1  3  n 

for  every  y  >  0  and 

<4-U)  X  l  (*1.3  +  *i.-3)S3  '  X  1  ‘Vi  +  *1.-3>S3- 

The  limit  in  (4.11)  can  be  checked  using  characteristic  functions  since 

CO 

I  II  ('I’j  ,)|a  <  As  for  (4.10),  we  have  the  bound 

j-1  i  1,3  1,-3 

1  n 

Pta"1  Y  I  li  ,(Z  Z  -  y  )[  >  y) 
n  ( j|>m  t-1  i  i>j  C  1  C  1+3  n 

1  X  l  Zt-1+3  1t|zt_1  \.l+j\  <  >n1  *  ,‘»)l  ’  Y /2> 

+ p(*»14i>»  X I  z~  w  >  >  t/2> 


■  A  +  B. 


| 
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App lying  Chebyshev’s  inequality  to  A  gives,  after  some  simplification,  (see  the 
proof  of  Proposition  2.1), 

A<4Y"2a^2  l  III  I  l*i  ll(!*s-t+i 

n  s=l  t=l  i  | j | >m  [ j ' j  >m  i’J 

+  ^s-t+i-j.J'l  +  ^a-t+i+j'.j'l  +  ^s-t+i-j+j',j’!)an 

where  =  E|  Z^  Z2l2  lj-j  z  7  [  <  a  ]‘  A  chanEe  of  variables  in  the  summation 
gives  the  bound 

A<4v-2r2»i  !  j  i 

t=-a.  !=_«.  J  j  |  >m  |  j  ’  |  >m 

K.jl  <l*t+i,J«l  +  +  IWj\r!  +  !Wj+j’,j>l)an 

00  00 

and  since  \  Ut+.  . ,  [  *  £  *.1  for  all  integers  k, 

00  £  =  — CO  * 


A  i  2  a  2  n  4(1  T  !*.  J)V. 

i— «  !  j  |  >m  1,1  n 

The  absolute  summability  of  the  c  '  s  ensures  that  all  of  the  above  sums  involving 

J  ao 

particular  litn  £  £  J .  |  »  0.  Thus  by  Karamata's 

m_H”  I  j  |  >m  i*-«® 


ill .  .  |  are  finite  and  in 
i.J  1 


Theorem  (a  n  a*  af  (2-a))  ,  we  have  lim  linsup  A  =  0. 

m-**5  n-«° 

With  6  as  given  in  (4.2) 


„  .  ~6  -6  ^>-6 
B  <  2  y  a 


"  ”  |?i>»yi  E,Zl  Z2'  ‘fib  >  V 


and  again  by  Karamata's  Theorem,  n  a  5  F.J  Z,  Z  J 0  lri„  _  r  ,  ■+  a/(a  -  5) 

n  1  2  C'Z1  Z2|  >  anl 

so  that  lim  limsup  B  »  0  which  established  (4.9)  with  m  replaced  by  <*>. 
nr+”  nr*® 

Now  from  Proposition  4.1  and  (4.7),  we  have 

'V-l  9 


•V-l 
n  n 


a_A  (o(h) 


-  0(b))  =  eT  aJ(C(0))_  l  T  l  0  7  Z  4-  O  (i: 

n  n  i  1  •  !  11  1  1 


I 
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Since 


}  (<l>.  .  +  i>,  ,)/  I  c?  *  p(h  +  j)  +  p(h  -  j)  -  2p(j)p(h),  we  then  have 

*  *  J  **  »  "j  ^ 


a"1  a*  (3(h)  -  o(h)  -  d.  /C(0) ) 
n  n  h,n 

=  a'1  a?  (C(O))"1  l  T  T 


•  V  -i  <c<°»  j0  tlj  I  zt-i+J  -  +  °P(1)- 

It  follows  by  applying  the  continuous  mapping  theorem  to  (4.9)  that 

CO 

a"1  a2(  p(h)  -  p(h)  -  d  /C(0))  *  (J  l  (  *.  .  +  _,)S  /  lc?  S  ) 

n  n  h.n  *  J  *.J  *.“J  J  i  1  ° 


The  proof  of  the  joint  convergence  in  (4.8)  is  essentially  the  same  as 
the  above  argument.  The  only  difference  is  that  the  vector  in  (4.9)  is  extended 
to  an  E+l-dimensional  vector  where  the  (h+l)th  component  is  given  by 


S'1  I  II  ♦  ‘W.  «...  Z  -  u>.  h  -  1 

n  0c|j[<m  t-1  i  i’3  c  1  c  i+j  “ 


)  2  ,  it  * 


Finally,  the  last  statement  of  the  theorem  is  an  immediate  consequence  of 
Remarks  1  -  3  in  Section  3.  [] 

In  the  following  two  results,  we  consider  the  limit  laws  of  the  mean  cor¬ 
rected  version  of  the  sample  correlation  function  defined  by 

^  n  _  _  n  _ 

p(h)  *  l  (Xt  -  X)(Xt+h  -  X)/  l  (Xt  -  X)2 
t«l  t*l 

n 

where  X  =  J  X  /n. 

t*l  c 

Corollary  1.  Suppose  1  <  a  <  2.  Then  for  any  positive  integer  E, 

(a”1  a2(p(h)  -  p  (h))  ,  1  <  h  <  1)  ♦  (Ylt  Y^). 

Proof.  Since  the  function  p (h)  is  location  invariant,  we  may  assume  without  loss 
of  generality  that  E  Z  »  0  (otherwise  consider  the  process  X  -  E  X  ■ 


jLC3(Zt-J-EZt-3>>-  10  vi 


view  of  Theorem  4.4,  it  suffices  to  show 


^  ~  ^  _2  I*  1  •—  — 

o(h)  -  p(h)  *  o  (a  a  ).  Using  the  identity  T  X2  -  T  (X  -  X)2  =  n  X2 , 

p  n  n  u  t  u  t 

t«l 

we  have 

.  -  _  n  n 

(4.12)  p (h)  -  p(h)  *  (p(h)n  X2  -  X  J  X  )/  £  (X  -  X)2. 

t-1  t«l  r 

n 

In  Section  4  of  Davis  and  Resnick  (1984),  it  was  shown  that  \  (X^  -  X)2  =  0  (a2) 

t=l  ^  n 

5  -v  -  p  _  ? 

I  \  -  0  (a  )  -  o  (a  )  and  p(h)  -►  p  (h) .  Since  X  +  E  X.  *  0  and  )  X_JU/n  +  E  X 

t_2  t  p  n  p  n  1  ",  t+h 

a.s.  by  the  etgodic  theorem,  this  implies  p(h)  -  o (h)  =  o  (a  a  )  as  desired. 

p  n  n 

In  the  0  <  a  <  1  case,  the  sample  mean  plays  a  dominant  role  in  determining 

% 

the  limit  distribution  of  p(h).  In  order  to  describe  this  result,  it  is  necessary 

to  first  define  two  random  variables.  Let  {j.  :  k  =  1,  2,  ...}  be  the  points  of 

a  Poisson  process  on  1R\{0}  with  intensity  X(dx)  -  ap  x  a  1  1,_  . (x)dx  + 

(u,  =>) 

aq(-x)  a  1  1^^  gj(x)dx  where  p  and  q  are  given  in  (1.2).  Now  if  0  <  a  <  1,  then 

OD  CD  CO 

I  I j.  !  <  ®  a.s.  so  that  the  random  variables  S  =  £  j.  and  S  *  £  i2  are 

k=l  R  k«l  k=l  k 

well-defined.  In  particular,  S  and  Sq  each  have  a  stable  distribution  with 

index  a  and  a/2  respectively. 

Corollary  2.  Suppose  0  <  a  <  1.  Then  for  any  positive  integer  J. 

(n(o(h)  -  n(h)),  1  <  h  <  1)  ♦  ((p(h)  -  1),  1  1  h  <  H)  (l  c±)2  S2/(V  c2  SQ) 

i  i 

Remark.  Some  properties  of  the  distribution  function  of  S2/S  are  studied  in 
-  -  o 

Logan  et  al  (1973).  See  also  Cline  (1983). 

Proof.  Let  be  the  points  of  a  Poisson  process  as  described  above.  Using  an 

argument  similar  to  that  given  in  Section  4  of  Davis  and  Resnick  (1984)  (see  also 
Resnick,  1984,  Section  4)  It  is  easy  to  show 
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(A.13)  (a;1  l  X,  a^2  f  (X  -  X)2)  -  «£  c±>  (  J  J),  jk2» 

t-1  t=*l  i  k«l  i  k*l 

■  ((£  c^)S,  (£  c2)Sq). 

Mow  rearranging  Che  identity  in  (4.12),  we  have  ^ 

_  2  nX(  l  (Xj  -  Xn+j 

(4.14)  n(p(h)  -  p(h))  -  n(p(h)  -  p(h))  +  n> (h)- ~ ^ - 

n  _  2  n  2 

l  (Xt  -  x)  l  (X  -  X) 

t-1  c  t-1  c 


)) 


'x#  —2 

By  Theorem  4.4  the  first  term  is  0  (a  a  n)  ■  o  (1)  since  a  <  1.  The  third 

Pnn_  P  n  -2-1 

term  in  (4.14)  is  also  negligible  because  nX  «  0^(8^),  (  I  (X£  -  X)  )  - 

-2  h 

0  (a  ),  and  V  (X,  -  X  ..)  =  0  (1)  so  that  the  product  of  the  three  terms  is 
P  n  j*!  J  n+J  P 

0  (a  *)  -  o  (1).  As  for  the  middle  term, 
p  n  P 

_2  (p (h)  -  1 )(l  c.  S) 
n(p  (h)  -  l)nX  ^  _ i  1 

I  (X  -  X)2  (|  Ci)So 

t-1  1 

follows  from  (4.13)  and  the  weak  consistency  of  p(h).  Finally  the  joint 
convergence  in  the  statement  of  the  corollary  is  clear.  Q 

We  close  this  section  with  a  comparison  of  the  standard  result  for  the 
correlation  function  in  the  finite  variance  case  and  Theorem  4.4.  Assuming  that 
Zt  has  a  finite  variance  and  a  zero  mean,  Theorem  8.4.6  of  Anderson  (1971)  gives 

n\p(l)  -  p(l),  o  (2)  -  p  (2) ,  ....  p(Z)  -  p(Z))  *  (VL,  V2,  ....  Vfc) 

where  the  limit  vector  has  a  multivariate  normal  distribution  with  mean  zero  and 
covariance  matrix  given  by  Bartlett's  formula 


r  .  *  I  (p(g+j)p(h+j)  +  p (g-j)p (h+j)  -  2p(j)p(g)p(h+j) 

8°  j— <*> 

-  2p (j)p (h)p (g+j)  +  2p? (j)o (g)p(h)) . 


» 
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However,  by  checking  covariances  the  components  in  the  limit  vector  may  be 
written  as 

00 

(4.15)  Vh  -  l  (p(h+j)  +  p(h-j)  -  2p(j)p(h))S  ,  h  -  1,  2 . i 

j-1  3 


where  {S^}  is  a  sequence  of  iid  N(0,  1)  random  variables, 
the  numerator  portion  of  the  limit  in  Theorem  4.4  with  a  = 

-2  -U  n 

be  identified  as  the  weak  limit  of  a  n~ ^  J  Z  Z  . . ,  1  « 

t  t+j’ 


This  corresponds  to 
2.  In  fact,  Sj  may 

1,  2,  ...  .  Moreover, 


-1 

In  the  finite  variance  case,  the  sample  variance  n  £ 


t-1 


whereas  a 


-2 

y  X?  y  S  in  the  0  <  a  <  2  case. 

n  t  .L  jo 

t*l  1=-<°  J 


for  the  division  by  S  in  Theorem  4.4  and  not  in  (4.15). 

o 


l  l  C2  Var(Z1)  >  0 
J*-00  J 

This  phenomenon  accounts 


5 .  Examples 

In  this  section,  we  consider  applications  of  Theorem  4.4  to  some  time  series 
models.  Throughout  this  section,  assume  the  hypotheses  of  Theorem  4.4  are  met 
and,  for  simplicity,  suppose  the  distribution  of  Z t  is  symmetric.  We  then  have 

(5.1)  n1/0L(n)(p(h)  -P(h))  *>  j?  (p(h+j)  +p(j-h)  -  2p(j)p(h))S  /S 

j-1  J 

'V# 

where  L(n)  i3  a  slowly  varying  function  and  S^,  S2,  ...  is  now  an  iid  sequence  of 

symmetric  a-stable  random  variables,  independent  of  the  positive  o/2-stable 

random  variable  S  . 

o 

The  numerator  «.f  the  limit  in  (5.1)  is  also  a  symmetric  a-stable  random 
variable  with  characteristic  function  given  by 


(5.2)  exp 


l  |  P  (h+j )  +  p(j-h)  -  2P  (j)p  (h)  1°  Jtj1 
j-1 


Extending  the  notion  of  variance  for  a  Gaussian  random  variable.  Stuck  (1978) 
defined  the  dispersion  ot  a  random  variable  with  characteristic  function  (5.2) 
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(5.3)  disp  -  l  |p(h+j)  +  p(j-h)  -  2p(J)p(h)|a 

j-1 

(see  also  Cline,  1983).  The  limit  In  (5.1)  is  then  equal  in  distribution  to 
1/cx 

(disp)  S^/Sq.  Notice  that  upon  setting  a  ■  2  in  (5.3),  we  get  the  asymptotic 
variance  of  p(h)  in  the  traditional  finite  second  moment  setting. 

1)  MA(q) .  Suppose  (X^l  is  the  finite  moving  average 


x  -  z,  +  e.  zk  ,  +  ...+  e  z_  . 

t  t  1  t-l  q  t-q 


Then,  since  p(h)  *  0  for  Jh|  >  q,  we  have  for  h  >  q 


nl/c,L(n)(p(h)  -  p (h)  *  (1  +2  f  |p(j)|a)1/a  S./S  . 

j-1  1  ° 

2)  Estimation  of  0  in  a  MA(1) ■  For  the  MA(1)  process  X£  -  ’t  +  0Zt  ^  p(l)  - 
9/(1  +  92) .  A  method  of  moments  type  estimator  for  0  is  found  by  solving  the 
latter  equation  for  0.  Choosing  the  solution  with  the  constraint  | 6 [  <_  1  (c£. 
Fuller,  1976),  gives 


0  - 


(1  -  (1  -  4p2)V(2p) 
-1 
1 


if  0  <  |p  |  <  .5 

A 

p  <~.5 

A 

p  >  .5 


where  p  =  p(l).  Letting  g(p)  denote  the  inverse  of  the  function  0/(1  +  92) 
with  |  e  |  _<  1,  we  have  by  the  mean  value  theorem 

A  a  A  A 

0  -  0  ■  g(p)  -  g(p)  =  g'(p)(p  -  p)  +  o  (p  -  p). 

p 


Hence 

n1/a  t(n)(0  -  0)  a  (1  -  92)"1  (1  +  92)2  ( (1  -  2p2(l))a  +  'iP(l)!a)1/a  S^. 


The  dispersion  of  the  numerator  of  the  limit  simplifies  to 

(1  +  04)a  +  1 8  l06  (1  +  02)a 


(1  -  e2)1' 


Again  note  by  setting  a  -  2,  we  obtain  the  asymptotic 


» 


» 


» 
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» 


variance  of  6  (cf.  Fuller,  1976,  p.  343). 


3.  AR(1)  .  Let  (Xt>  be  the  AR(1)  process  Xt  -  (jiX^  +  zt  where  J  <J>  f  <  1 .  In  this 

f  h  [  - 

case,  p(h)  -  $  and  estimating  4  by  $  =  p  (1) ,  we  have 


n1/a  L(n)($  -  *)  ♦  (  l  ($1+J  +  ^j'1 

J-l 


-  2<>jt)a)1/a  S./S 

1  O 


— — z — $_ 


,  .  -  s./s  . 

(i  _  *v/ot  1  0 

4.  Yule-Walker  estimates.  The  Yule-Walker  matrix  equation  for  the  AR(p) 
model  Xt  =  4>^  +  . . .  +  X^  +  ,  assuming  1  -  z  -  z2  ~  •  •  • 

\z\  <  1,  is 
(5.4)  R  $  *  £ 


-  <t>  zP  *  0 
P 


n 


where  R  is  the  p  x  p  matrix  [p(i  -  j)] 


»  #  m  (♦■. . <l>  )  ' 

i.  j  =  l  *  1  P 


and  ^  *  (p(l),  ...  p(p))'.  The  Yule-Walker  estimate  of  ij>  is  then  defined  as 

.  A  n 

the  solution  of  (5.4)  with  R  and  p  replaced  by  R  ■  [p(i  -  J)]  and 

i.j-1 

£  ■  (p(l),  ....  p(p))',  respectively.  As  in  Yohai  and  Maronna  (1977),  for 

n 

z  e  1RP  define  -  R(z)  1z  where  R(z)  =  Cz|i_jp  and  20  -  1*  Since 

p  ,  i»J*l 

R  R  and  R  is  non-singular,  this  implies  ^(^)  is  well  defined  for  largo  n. 

The  mean  value  theorem  then  gives 

i  ■  $  ■  d(£  -  &  +  °p<*  - 

where  U  l  '.he  p  *  p  matrix  of  partial  derivatives  of  0  evaluated  at  <  .  Consequently, 
n1/ctL(n)  (£-<£)  =>  D  £ 

<XJ 

where  £  -  (Y  ,  Y  ,  ...,  Y  ) '  with  Y  -  £  (p(h*j)  +  p(h-j)  -  2p  ( j)p  (h))S  /S 

p  n  j  o 

h  *  1  y  i « •  j  p  • 


t  A 


L 
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